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Abstract—the numerical diffusion in advection schemes is at 
the moment one of the most critical points that need to be 
improved in the Telemac system. The aim of this paper is to 
present the state-of-the-art research in the field of finite 
volumes (FV) and of residual distribution schemes (RDS). A 
new predictor-corrector distributive scheme will be described 
and compared to a second order finite volume scheme for 
tracer advection in shallow water flows.  
I. INTRODUCTION 
The study of pollutants in rivers, the stability of 
stratifications and the numerical simulation of non linear 
waves point out the necessity of higher order advection 
schemes, in space and in time.  
This topic is a current research field which is investigated 
by several teams and which deals with different theoretical 
and numerical problems. First, we know from theory that 
simple linear schemes cannot be second order schemes. 
Second, the shallow water context adds some problems 
related to the non divergence free velocity field which can be 
critical for the conservation of the mass. Furthermore, the 
numerical scheme must be monotone and able to handle dry 
zones. The last property is a very difficult task because in 
most of the schemes a division by water depth has to be 
performed in order to get the final value of the tracer.  
Firstly, we present here the family of the residual 
distribution schemes [1], applied to solve the conservative 
tracer equation in its weak formulation. The method, already 
introduced in [2], is presented in the classical form for steady 
cases. The N first order scheme and the PSI scheme, second 
order in space, will be described.   
To improve the results quality  in the unsteady problems 
we show that the upwind of the derivative in time is a 
fundamental step. So, we introduce a new scheme: the 
predictor-corrector PSI which is inspired by recent Mario 
Ricchiuto's ideas [3]. It represents a remarkable improvement 
in terms of accuracy for the unsteady problems, even if we 
don’t retrieve, numerically, a second order convergence. The 
compact stencil of the scheme makes parallelism easier 
compared to FV schemes. The main drawback is that the 
explicit scheme cannot work on dry zones. For this reason we 
also work on a semi-implicit formulation able to treat the 
wetting and drying, which will not be addressed in this 
article. 
Secondly, we briefly present the well-known HLLC FV 
scheme in its first order form [4]. A linear reconstruction is 
tested to get second order in space and shows significant 
improvements. Furthermore a decoupled algorithm, that 
provides a looser CFL restriction for tracer advection, 
reduces numerical diffusion and increases the accuracy of the 
scheme. 
In unsteady problems, we remark that the linear 
reconstruction already represents a strong improvement in 
the quality results. Anyway, a second order scheme in time 
would be necessary to get a true second order scheme in 
space and time. Different time discretizations have been 
tested without notable improvements.  
II. RESIDUAL DISTRIBUTION SCHEMES 
A.  One step explicit schemes 
In this first section we recall the principle and some 
important characteristics of the N and PSI schemes. 
The variational formulation of the continuity equation 
and the conservative equation for tracers are considered: 

   dSceduhdth iii )div(  

   dCSceduhCdthC sceiii )div()( 
 
with ),,( tyxh the water depth, ),,( tyxu the velocity field 
and ),,( tyxC the tracer. i is a linear test function defined 
for all points of the mesh with the property 11   ini  . is 
the spatial domain of integration with boundary  . 
We perform on these equations an integration by parts 
and we get:  

   dSceduhdnuhdth iiii  
 







dSceC
duhCdnuhCd
t
hC
sce
i
iii

 )(

The continuity equation is then discretised with an Euler 
explicit scheme in time and takes the form:  
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iiij
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i Scebt
hh
S 
  )(|| 1

 We call iS  the cell surface around the node i  equal to  
 di  and ij  the fluxes between point i and its 
neighbours j . Finally, ib  is the boundary flux and iSce  is a 
possible source term. The fluxes ij guarantee the 
conservation of the mass because they satisfy the relation  
jiij    between two internal points, so when summing 
over all the nodes the variation of the mass depends only on 
the boundaries (and sources): 
ii
n
i
n
iii bthhS   )(|| 1 
We consider that a flux is positive if it goes from node i  
to node j . Their computation starts from dEuh iEi    , 
which is the flux leaving a point i at element level. This 
nodal flux is then transformed into a flux ij  between two 
nodes at element level which is then assembled to give ij  
which is then stored in an edge-based structure. The ij are 
given by the so-called “nearest projection method” [5], one 
of several equivalent formulas that give the N upwind 
scheme:  
)0),,max(min()0),,max(min( ijjiij   
In a similar way, the conservative tracer equation is put in 
the form:  
sceibordiijij
j
n
i
n
i
n
i
n
i
i CSceCbCt
ChCh
S 
  )(|| 11

To guarantee the mass conservation, we must have 
0 jijiijijj CC  . To completely define the scheme we 
choose to adopt the upwind technique: take iC  if ij  is 
positive or jC if ij is negative. Plugging the continuity 
equation in the tracer equation is useful to find a time step 
condition necessary to guarantee monotonicity. We obtain 
the final form:  
))(0,(max
))(0,(min
))(0,(min|| 1
1
n
iscei
n
iboundaryi
n
j
n
iij
j
n
ii
n
i
n
i
CCScet
CCbt
CC
hS
tCC


  

Where Csce and Cboundary are the tracer values at the 
sources and at the boundaries. The stability condition is:  
)0,max()0,min()0,min(
1
iiijj
i
n
i
Sceb
Sh
t 

 
or:  
)0,(min)0,max()0,(max iiijj
i
n
i
Sceb
Sh
t   
 where nih   or  
1n
ih   are replaced with  
start
ih   or  
end
ih   if 
we are iterating within a time step.  
Up to now we have defined the fluxes ij in the continuity 
equation as the N fluxes. For the tracer equation we can 
choose between the N or PSI fluxes without spoiling mass 
conservation or monotonicity. This is possible with the 
quantity T which is defined on every triangle and called 
residual. The residual is the same quantity for the N and the 
PSI scheme.  
))(0,(min
)(
3
1
3
1
3
1
3
1
n
j
n
iij
ji
n
j
n
iij
ji
T
CC
CC









The N scheme can be recast as:  
))(0,(max
))(0,(min
|| 1
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n
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n
i
n
i
CCScet
CCbt
hS
tCC


 


 

where: 
T
n
j
n
iijjN
i
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


)(
3
1

 

or:  
)(
3
1
n
j
n
iij
j
T
i CC 



The PSI scheme differs from the N scheme by the 
distribution coefficients; it reads:  
))(0,(max
))(0,(min
|| 1
1
n
iscei
n
iboundaryi
TPSI
i
iT
n
ii
n
i
n
i
CCScet
CCbt
hS
tCC


 


 

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with [6]:  
)0),)(,)((min(max)( TTTNiTTTPSIi signsignsign  
 
or [1]:  
),0max(
),0max(
N
i
Tj
N
iPSI
i 


 
 Note that the last two formulas are equivalent if one of 
the 3 coefficients Ti is 0 (this is true in the explicit 
formulation), otherwise, and it will be the case here below, 
only the second formula is valid. 
The PSI fluxes are reduced N fluxes. Moreover, the PSI 
fluxes allow to get a second order scheme in space because 
the distribution coefficients i are bounded (see [7] for the 
proof). The time step which guarantees the monotonicity is:  
)0,max()0,min()0,min(
1
iiijj
i
n
i
Sceb
Sh
t 

 
or, if we want to find a criterion depending on nih : 
A
Sh
t i
n
i
 
where: 
 
)0,(min
)0,max()0,min()0,max()0,(min
i
i
N
ij
N
ij
PSI
ijj
Sce
bA

 
 
Note that in the last condition we have the N fluxes, 
derived from the continuity equation when passing from 
1n
ih
to
n
ih
. 
B. Predictor– Corrector Scheme 
To avoid non-linear terms or even solving linear systems, 
we now follow the ideas issued by Mario Ricchiuto, with a 
predictor-corrector scheme that approximates a semi-implicit 
scheme and moreover includes an important property: 
upwinding the derivative in time. 
The predictor step aims at finding an estimate of the final 
concentration
1nC
, which is denoted
C
. This step is just a 
classical explicit PSI scheme:  
 
 
 nisceii
n
i
boundary
ii
n
j
n
i
npsi
ij
j
n
i
n
iii
n
ii
CCSce
CCb
CCC
t
ChSChS



 
)0,(max
)0,(min
)0),((min
11


This form ensures monotonicity with the classical 
criterion, and mass conservation is correct.  
Now the right formulation of the corrector step, is done 
starting from upwinding the derivative in time. We define:  
TpsiT
i
iT
n
ii hS
iDCDT 

 11)( 
DCDT
 is for most points   tCC nii  /* , except on 
boundaries and when we have sources. It is the increment of 
concentration divided by time, if we "forget" the boundary 
and source terms.  
We eventually write on every triangle a corrected 
contribution of the form:  
  )()(
3
3
1
3
1
1
3
1
n
j
n
iij
ji
n
j
j
TT
cor
CCjDCDThS  




 
or:  
  )()(
3
1
3
1
nTn
j
j
TT
cor
CjDCDThS  


 
In Ricchiuto’s theory 2
)(C)(C *TnT  
 is used instead 
of )(
nT C but it raised mass conservation in our depth-
integrated context, and our simplified form allowed a much 
better stability condition, as will be shown hereafter. In the 
corrector step the coefficients  will be different and are here 
denoted  . We choose to have:  
TpsiT
i
n
i
TT
cor
T
i
NT
icor iDCDTh
S    )(
3
1
 
and again:  
),0max(
),0max(
T
i
Tj
T
ipsiT
i 


 
The corrector step is eventually:  
T
cor
psiT
i
iT
i
n
in
ii t
CChS 
 


 
1
1

We find that the scheme is mass conservative since the 
sum of the predictor and the corrector step on all points gives 
exactly:  







 t CChS
n
i
n
in
ii
npoin
i
1
1
1 
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 
 nisceiinpoin
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npoin
i
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T
CCSce
CCbC






)0,(max
)0,(min)(
1
1 all

 
which is the classical PSI scheme.  
The stability of the scheme is studied in two different 
ways. The first is inspired by the classical proof given in [8]. 
The corrector step is rewritten in order to study the positivity 
of the coefficients of 
nC
 and of
C :  
n
jij
ij
i
iT
n
iij
ij
n
i
T
i
iT
i
n
i
T
i
iT
n
i
n
ii
Ct
CthS
ChSChS

















 

1
111
3
3
)1(
 
The single coefficient which must be limited is the one of 
n
iC
. We find that:  
ijij
n
i
T hSt  
 1
3
1

which, combined with the condition on the predictor step, 
gives a final condition:  
),(minmin BAt
hTi

 
where: )0,max()0,min()0,min( iiPSIijj
i
end
i
Sceb
Sh
A    
and: 
ijij
end
i
T
iT
hSB  
1
3
min . 
In this condition Si and ST are two areas that may be very 
different if the mesh is distorted, it may thus be very 
restrictive.  
The second proof of stability is based on the assembled 
fluxes of the corrector step. The idea is to start with an N 
corrector step, where the time derivative is not upwinded:  
 
 njnipsiij
j
n
ii
i
n
in
ii
CCiDCDThS
t
CChS






)0,(min)(1
1
1

 
where
))(0,min()( 11 njnipsiijjn
ihiS
CCiDCDT   
; that is 
the predictor step without boundaries and sources. If we 
change nothing more (no further PSI limitation), we end up 
in the classical PSI scheme. In reality, in the corrector step 
we have an element by element PSI correction on the term:  
 njnipsiij
j
n
ii CCiDCDThS   )0,(min)(1 
 
which will give the correction denoted 
cor
i
 (that is an 
assembled correction). We can define a maximum and 
minimum part of the correction as:  
  0)0,(minmaxmax   psiij
j
n
ii CC 

  0)0,(minminmin   psiij
j
n
ii CC 
 
where Cmax and Cmin are the maximum and minimum 
values of C among all the neighbouring points j, including i. 
Then, considering the PSI correction on the first term of 
corr
i we can say that:  
))(0,(min)(1 ninjpsiij
j
i
n
ii CCfiDCDThS   
 
where if  represents exactly the assembled correction due 
to the PSI limitation: TTiTiSi Sf  1   with T  the local 
PSI limitation and if  in the range [0,1]. 
Then, since:  
  maxmin )0,(min injnipsiiji CC  
 
we will have:  
BA cori 
 
with:  
  min)0,min( ininjpsiijji CCfA  
 
and: 
  max)0,min( ininjpsiijji CCfB  
 
The idea is to prove the monotonicity for the two 
extremes.  
Summing the predictor and the corrector step and 
studying the coefficients for the two extreme cases, we obtain 
the final condition:  
      0,min0,max0,min2
1
ii
psi
ijj
n
ii
bSce
hS
t 


If we now want to find a criterion depending only on
n
ih
, 
we need to redo the derivation, but with our new factor 2.  
C
hS
t
n
ii

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where: 
 
  )0,max(0,min)0,min(
)0,max(0,min2
ii
N
ijj
N
ijj
psi
ijj
bSce
C




 
It can be safely replaced by: 
  )0,max(0,min)0,min()0,max( iiNijjNijj
n
ii
bSce
hS
t 
 
 This is the condition used in the test cases. It is much 
better than the previous one, we get about half of the value 
obtained with the classical N scheme. 
Finite volumes schemes 
C. First order scheme 
We consider again the shallow water system written in 
conservative form with the extra conservation law which 
describes the tracer transport:  
S(U)U)HU)GU 



yxt
((
 
with
ThChvhuh ],,,[U the vector of the conservative 
variables, )UG(  and )UH(  the two vectors of convective 
fluxes and )US(  the source term. 

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
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where 0S is the gradient of the bottom and fS is the 
friction term. 
The system is discretised with a vertex - centred finite 
volume scheme, as described in [9]. After a spatial 
integration over a control volume iK , the main steps consist 
in using the Gauss theorem and the rotational invariance 
property of the system to recover a local 1D Riemann 
problem (see [4] for further details). We use an Euler scheme 
in time and we get the final equation: 
n
ii
n
e
n
iiij
n
j
n
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j
n
i
n
i tSnUUFnUUFUU  

 ),,(),,(
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1 
 
where U is the spatial average of the conservative 
variables in the cell iK , 
T),( HGF 
, 
),,( ijji nUUF
 is the 
interpolation of the normal component of the flux ijnUF )(  
along the edge ij , || iK
ijtL
ij

, 
|| iK
itL
i

, 
ijl
 is the length of 
the edge between two cells i and j, im is the number of edges 
in the cell and  eU is a fictive state used to weakly impose the 
boundary condition.  
The system is stable under the CFL condition issued from 
the stability analysis of the linearised scalar equation and 
then adapted to the SWEs:  
| )|,( iihi ucMax
xCFL
t 
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 T
 
where ii ghc   is the celerity, x  is the width of the 
cell crossed by the wave and    is a threshold value. The 
value of CFL must be in the range [0,1] and we choose 0.9.  
To compute the numerical flux we use an HLLC 
approximate Riemann solver [4]. It is easy to show that this 
solver is able to preserve the positivity of the water height 
under the classical CFL condition (a proof for the Euler 
equation is given in [10]). The HLLC flux is defined as:  
,
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with:  
)( LLLL S UUFF L   
)( LLLR S   UUFF R
 
 For a complete review of the scheme we address the 
reader to [4] and [9].  
We focus here on the 1D tracer equation (F4 being the 
tracer fluxes on either side):  
)()()( 4 2/14 2/11  
 iinini FF
x
thChC
 
The flux for tracer can be written as:  
2/1
1
2/1
4
2/1 ][   iii CFF
 
where 2/1iC  is equal to iC  or 1iC , depending on the 
speed S*:  






 0if
0if
1
2/1 SC
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i
i
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 From theory ([12]) we know that if under a CFL 
condition the numerical flux preserves a convex invariant 
domain U  and if the reconstruction also preserves this 
invariant domain, then under the half original CFL condition, 
the second-order scheme also preserves this invariant 
domain. In practice, as in the first order case, this condition 
can be relaxed.  
To perform the reconstruction, we use here the MUSCL 
technique. The MUSCL (Monotonic Upwind Scheme for 
Conservation Law) technique is the first method known in 
literature to get second order accuracy with finite difference 
schemes and then extended to finite volumes schemes.  
The reconstruction technique is used to approximate the 
primitive variables
TCvuh ]ˆ,ˆ,ˆ,ˆ[W
. The approximation of 
W is initially done with a linear reconstruction and then is 
corrected in order to ensure the conservation of the mass 
(water depth is modified) [13]. The control volume iK  is 
divided in smaller triangles, ijT  each of which contains the 
interface ij . The variables are reconstructed at the point M  
which is located in the middle of the interface ij . The 
variables at the interface can be computed as:  
ijiiij MP WWW ˆ1 

 
 The gradient ijW  is evaluated as follows. Firstly we 
calculate the gradient over the triangle to which the point M 
belongs. This is called kTM |WˆW   and it is calculated 
using linear P1 functions ( i ):  
ii
kTi
kT
 

WW |
 
Where:  
||2| k
i
kTi T
n


  
The second step consists in computing a nodal gradient, 
that can be approximated as a weighted sum of the gradients 
of the elements surrounding the point i:  
||
ˆ|| |
kikT
kTkikT
i C
C



 WW
 
Now we extrapolate the gradient at the point M:  
10with ˆˆ)1(   Mimi WWW
 
 The values of the coefficients  have been chosen 
according to the kinetic scheme. For the water depth and the 
concentration we take 1 and for velocities 333.0 .  
Finally a limiter is used to avoid oscillations:  
)ˆ,ˆlim(
miMij WWW 
 
 We use the minmod limiter for water depth and 
concentration and the Van Albada limiter for velocities, as 
suggested by Audusse.  

 
otherwise|)|| ,min(|)(
sign(b)sign(a) if0),lim(
baasign
ba
 
  




 otherwise
sign(b)sign(a) if0),lim(
222
)2()2(


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 Once obtained
T
ijijijijij Cvuh ]ˆ,ˆ,ˆ,ˆ[ 11 W
, we modify the 
water depth and the concentration in order to guarantee the 
conservation of the mass. Indeed we need to have:  
iiiij
iKj
ijij
iKj
hChChC ||| )|(ˆ||  

 
with:  
][ ),ˆmax(),,ˆmin(ˆ 11 iijiijij hhhhh 
 
This is achieved with the correction:  


  )ˆ()ˆ(ˆ 11 iijiiijiiij hhhhhh 
 
where the only possible choice for  is:  








)ˆ(||
)ˆ(||
,1min
1
1
iijijiKj
iijijiKj
i hhC
hhC 
 
 Through this correction we are able to prove the 
conservation and the positivity of the second order scheme. 
III. TEST CASES 
To check the properties of the new predictor-corrector 
scheme we propose here three test cases where we compare 
the schemes belonging to the RDS family, presented in this 
article, with the two FV schemes.  
A. Pollutant plume 
This test has two goals: on one hand it is useful to show 
the spatial convergence of the schemes in steady cases, on 
the other hand it emphasizes the different behaviour of the 
schemes according to the type of mesh. We consider a 
steady-state flow in a channel where the pollutant is released 
on the left boundary. The inlet tracer profile is represented by 
the function:  
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
 
otherwise0
6,663,33if1)(),0( 0
y
yCyxC
 
 The hydrodynamic steady quantities are h=1 m and  
3u
  m/s. The domain is a rectangular channel 500 m long 
and 100 m large. We create two meshes: one composed of a 
regular grid where the squares are split into triangles and one 
composed of an irregular grid. Both grids have the same 
average element size about h=10 m, so 563 nodes for the 
irregular grids and 510 for the regular one. Once the 
computation is started, the tracer reaches the right boundary 
after about 170 s and the scheme converges to the steady 
state. The exact solution is:  

 
otherwise0
6,663,33if1),( yyxC
ex
 
 
 
Figure 1.  Regular and irregular mesh 
 
Figure 2.  Results on the irregular mesh: PSI scheme on the top; HLLC 2nd 
order on the bottom 
We show the results obtained on the two meshes with the 
N and the PSI RDS, then the HLLC 1st order and 2nd order. 
We don't show results obtained with the predictor-corrector 
scheme since for steady problems it corresponds to the PSI 
explicit scheme. When using a completely irregular mesh, 
differences between first and second order schemes are quite 
marked and the order of the schemes is numerically proven 
with a convergence study. In this case we take grids with 
mesh sizes 1/10, 1/20, 1/40, 1/60 and 1/80 and the tracer 
profile is changed into a more irregular function:  
2)2(
0 )sin()(),0( yeyCyxC y 
 
To measure the accuracy we take the 2L  norm of the 
error in space:  



hTi
calcex
tot
L
tCtC
n
))1()1((12
 
 As we can see, the N and the HLLC 1st order scheme 
converge to the theoretical order, the PSI gives accuracy 
between 1.52 and 1.84 and the HLLC 2nd order between 1.33 
and 1.57.  
 
Figure 3.  Convergence study for the steady case 
When using a regular mesh, we find that the results are 
really impressive. Indeed, in this case the RDS (N or PSI) 
reproduce the exact solution. This is due to the fact that the 
mesh is perfectly oriented with the streamlines; thereby for 
the theory of the RDS we are always in the 1-target case 
which means that the scheme is second order in space.  
 
Figure 4.  Results on the regular mesh: PSI (or N) scheme on the top; 
HLLC 2nd order on the bottom 
B. Transport of a pollutant stain 
The transport of a pollutant stain is a critical test for the 
tracer, like the rotating cone. These problems can be 
classified as unsteady cases for the tracer because we have  
t
C


not constant. The test shows why the N and the PSI 
scheme are not suitable for unsteady problems while the 
predictor-corrector scheme seems to be the better choice. 
The tracer profile is centred in (0.5, 0.5) and is 
transported from left to right under steady hydrodynamic 
conditions: 1h  m and 1u  m/s. From the theory of 
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characteristics we know that after 1 s we should find the 
same initial profile on the right of the channel at (1.5, 0.5). 
The channel is rectangular with dimensions [2m X 1m] and 
the initial tracer profile is:  

 
 otherwise0
25.0 if)2(cos),(
2
0
rr
yxC

 
with: 
22 )5.0()5.0(  yxr
.  
 
Figure 5.  Mesh used for the transport of a pollutant stain (h=1/40)  
The simulation is run on an irregular triangulation with 
variable element size to perform a convergence study. Even 
in this case we take grids with mesh sizes 1/10, 1/20, 1/40, 
1/60 and 1/80. The error of the norm 2L is computed to 
quantify the accuracy.  
 
Figure 6.  Results for mesh size h=1/40 at y=0.5  
 
Figure 7.  Convergence study for the unsteady case 
C. Rotating cone 
This test has been presented in [14], [15] and is very 
common in the literature when evaluating advection 
schemes.  
It consists of the solid body rotation of a Gaussian cone 
where the velocity field is steady and divergence free. Unlike 
the previous case, the velocity varies in space and takes the 
form:  



 )05.10(),(
)05.10(),(
xyxv
yyxu
u

 
 The initial tracer value is between 0 and 1 and is given 
by the Gaussian function:  
2
]2)05.10(2)15[(
0 ),(

yx
eyxC
 
 The test is performed on a square domain of dimensions 
[20.1 m x 20.1 m] and formed by squares of side 0.3 m split 
into two triangles. After one rotation the cone should be 
placed at the initial position without variations of tracer 
values. The maximum values after one rotation, obtained 
with the various schemes are reported in the table.  
TABLE I.  ROTATING CONE TEST 
Advection scheme Height of cone after 
one rotation 
Explicit N 0.1791 
Explicit PSI 0.2136 
Predictor-Corrector 0.5331 
HLLC 1st order 0.1361 
HLLC 2nd order 0.4710 
 
The numerical diffusion is very large for first order 
schemes in space. We remark that the predictor-corrector 
scheme allows getting a maximum that is more than the 
double of the explicit PSI scheme. The difference is even 
greater between the first and the second order finite volume 
scheme. No negative value is obtained after one rotation; this 
can be considered as a numerical proof of monotonicity. 
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Figure 8.  Rotating cone: predictor-corrector scheme (top) and HLLC 2nd 
order scheme (bottom) 
IV. CONCLUSION 
The striking difference of performance of the same 
scheme on different meshes show the utmost importance of 
the meshing strategy, and the interest to have mesh lines 
following streamlines. The new Ricchiuto’s predictor-
corrector scheme with enhanced stability condition shows 
very good results in unsteady cases. Even the HLLC 2nd 
order scheme shows betters results in terms of accuracy. Both 
schemes are suitable for the transport of tracers, sediments 
and any other type of passive scalar in shallow water flows. 
However, the second order convergence is not retrieved for 
the predictor-corrector scheme, nor for the HLLC 2nd order. 
The compact character of the RDS makes it simple from a 
technical point of view, while the reconstruction in the FVS 
makes the scheme heavy and computationally expensive, the 
more so with parallelism. 
We now work on tidal flats, which could be dealt with by 
an implicit predictor-corrector distributive scheme, as shown 
by preliminary tests not treated here. Another promising 
issue is the possibility of iterating the corrector step, which 
would give even less numerical diffusion, which is also 
shown by preliminary tests. 
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